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Abstract-Based on the definition of grand potential, a geometric method for obtaining a grand potential- 
effective chemical potential diagram from the relevant molar free energy diagram was proposed, and the 
effect of magnetic transition on grand potential was also discussed. It is shown that the grand potential and 
effective chemical potential in a ferromagnetic state can be separated into paramagnetic and magnetic terms. 
In addition, a hybrid calculation procedure of phase equilibria with magnetic transition based on CVM, 
combined with the geometric analysis was proposed and is applied to the a/r phase equilibrium in the Fe-Mn 
binary system. It is shown that this method is feasible. 
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1. INTRODUCTION 
The cluster variation method of statistical mechanics 
(hereafter CVM), proposed by Kikuchi in 195 1 [ 11, has 
been widely employed to calculate various thermo- 
dynamic quantities, including phase diagrams [2, 31. 
The advantage of the CVM over other existing methods 
is that the CVM is able to incorporate a wide range of 
atomic correlations, which plays a significant role in 
phase equilibria. In particular, the CVM provides an 
et%cient and accurate framework in which all relevant 
configurational thermodynamic properties for a given 
system can be systematically obtained from a unique 
free energy formula. In CVM the grand potential is an 
important thermodynamic function, which is defined as 
F,,, - C/.qi. However, the obvious geometric rela- 
tionship between grand potential and free energy has 
not been constructed, which hinders the understanding 
of the property of grand potential. In addition, despite 
the many merits of CVM mentioned above, it is difllcult 
to treat the solid solution with additional energy except 
in chemical terms, such as magnetic transition energy, 
elastic energy and so on by CVM. Recently, Inden and 
Kikuchi calculated phase equilibria with magnetic 
transition by considering two separate pairwise inter- 
actions between atoms: a chemical part and a magnetic 
part. They successfully applied this to the Fe-Co-Al 
system [4]. 
In the present paper we propose a hybrid treatment 
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of thermodynamic and phenomenological calculations 
to magnetic ordering, and expect that it is useful for 
other cases. The outline of this paper is as follows. 
First, we give a geometric analysis of grand potential, 
and propose a geometric method for obtaining the 
grand potential-chemical potential diagram from the 
free energycomposition diagram (molar free energy 
diagram). Then we give the geometric description of 
the effect of the magnetic transition on the grand 
potential. Finally, we propose a calculation procedure 
of phase equilibria with the magnetic transition based 
on the geometric analysis combined with CVM by 
separating grand potential into a paramagnetic and 
magnetic part and apply this method to the Fe-Mn 
binary system. 
2. PROPERTY OF GRAND POTENTIAL 
2.1. Derivation of the basic equations about 
grand potential and 2 potential 
In an n-multicomponent system, the grand potential 
function is defined by 
where F is Hehnholtz free energy, Ni and c({ are 
number of atoms and regular chemical potential of 
component i, respectively. V is the volume of the 
system. 
When Hehnheltz free energy F( V, T, Nj) is changed 
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into Gibbs free energy G(p, T, IV*), the function corre- 
sponding to a( I’, T, Ni) is writkn as Z(p, T, pi::). The 
eqn (1) is changed to 
Z(P, T, PL:) = G(A Tt Ni) - 2 Nd 
i=l 
where G is Gibbs free energy, p is the pressure of 
system. The corresponding molar equation is 
&(p, T,/J$ = G~(P, T,xi) - ~Xi/d. 
i=l 
W 
When the system is in equilibrium, the following 
equations hold: 
G(P, T, Nil = 2 N/d 
i=l 
or 
G,(P, T,%) = 2XiPi. 
i=l 
(W 
This equality makes eqn (2) vanish in equilibrium: 
or 
ZAP, T, cl::) = 0. (W 
It is legitimate to call Z the ‘Zero potential’ or ‘Z 
potential’. However, Z&I, T, pi) does not vanish 
when the state is not in thermodynamic equilibrium. 
If the effective chemical potential is defined on the 
basis of the regular chemical potential as 
which satisfies 
corresponding to the ‘regular’ Z potential in eqn (2), 
the ‘effective’ Z potential is detined as 
Replacing P; in eqn (2) by pi in eqn (S), and using eqn 
(4), one can transform eqn (6) to 
This is the equation used in the following discus- 
sion. In statistical mechanics to treat a phase diagram, 
the difference G(p, T, NJ - F( Y, T, N,) = pY is 
usually small. When one neglects the pV term, one 
can approximate G(p, T, N,) by F(V, T, NJ, and 
consequently approximate Z&p, T, pi) by its coun- 
terpart %(v, T, n). 
Equation (8) reveals the relation between grand poten- 
tial and chemical potential, and the essence of the 
equilibrium between two phases, e.g. the equilibrium 
condition of $ = pi’ is equivalent to that of & = pf 
and fig = 0;. 
2.2. Geometric expression of grandpotential 
In this paper the function to be used is the Gibbs 
free energy, which is a function of the pressure p, 
rather than the Hehnholtz free energy which is a 
function of the volume V. This is because pA and ~11, 
cannot be defined simultaneously in the Hehnholtz 
free energy for the model of the solid solution without 
vacancies. The grand potential, which is regarded as 
the approximation of Z potential, is used in this paper. 
Figure 1 is a molar free energy diagram of a binary 
system. The chemical potentials of solution at com- 
position xs are expressed as j& and &, respectively. A 
line, which parallels the connected line between p; 
and c1)B, is made through the central point of abscissa. 
The effective chemical potentials of two components, 
which meet eqn (2), are obtained, and it can be seen 
that the line & is - C xipi, and the line ?E expresses 
grand potential, Q, - C, xipi, and equals the line 9. 
Thus, the grand potential in the binary system is 
x.4 - 
Concentration 
Fig. 1. Geometric expression of grand potential on molar free 
energy diagram. 
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Fig. 2. Grand potential-effective chemical potential obtained from molar free energy diagram. 
expressed by 
(9) 
This is in agreement with eqn (8). We can still obtain 
the relationship between effective chemical potential 
and chemical potential from Fig. 1: 
(lob) 
Following eqns (9) and (lo), the grand potential and 
effective chemical potential can be obtained from 
the molar free energy diagram, as shown in Fig. 2. 
This diagram gives the geometric relation between 
free energy at composition (Xi)k, and grand potential, 
effective chemical potential. 
The grand potential of phase equilibria can be 
obtained in terms of the above analysis, as shown in 
Fig. 3(a) for phase equilibrium with miscibility gap, 
Fig. 3(b) for two phase equilibrium, and Fig. 3(c) for 
phase equilibrium between stoichiometric com- 
pounds. For a binary stoichiometric compound 
c#J(A,B,), it is easily proved that the grand potential 
of c&~,,,B,) phase is expressed by 
&=AG- (&-l)ps (11) 
where AG is the formation free energy of this 
compound. The relation fl$, = AG is obtained from 
above equation for a compound of AB type. 
3. GEOMETRIC ANALYSIS OF GRAND POTENTIAL 
FOR SOLUTION WITH MAGNETIC TRANSITION 
As mentioned above, the correlations between 
molar free energy diagram and grand potential-effec- 
tive chemical potential have been given. For the 
solution with magnetic transition, the geometric ana- 
lysis of grand potential and the effects of magnetic 
transition on grand potential will be discussed as 
follows. 
A molar free energy diagram of a solution with a 
magnetic transition in a binary system is shown in Fig. 
4. The shaded part is the free energy caused by 
magnetic transition. For composition xs, lines ii? 
and 2 express the molar free energies in paramag- 
netic state G$$ and magnetic transition free energy 
AG’, respectively. The tangents of the free energy 
curves in paramagnetic and ferromagnetic states are 
made through points c and c’. The chemical potentials 
in ferromagnetic and paramagnetic states are 
obtained by using the analysis method mentioned in 
Section 2. 
Point c’ marks the tangent of the free energy curve 
of ferromagnetic state. The chemical potentials in 
ferromagnetic state are obtained by: 
[pi]’ = b:]” + Ab:]' 
and 
where Ab$’ and A/.$ are the regular chemical poten- 
tial and the effective chemical potential. These are 
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related to magnetic transition and are called magnetic 
chemical potential and magnetic effective chemical 
potential, respectively. There is also the following 
relation: 
I + S2m 
For a multicomponent system: 
64 





Thus, the grand potential in the ferromagnetic state of 
a solution at composition xB can he analyzed as 
follows: 
= Cp, - C /J$Xi + AF’ - C A/.&xi = flf, + AR’ 
=Z+&=oe. (12) 
Equation (12) suggests that the grand potential in 
ferromagnetic state (ferromagnetic grand potential) 
can he expressed by the sum of the grand potential in 
paramagnetic state (pammagnetic grand potential) 
and grand potential caused by the magnetic transition 
(magnetic grand potential). The chemical potential 
can also he separated into paramagnetic and magnetic 
terms, i.e. for the effective chemical potential, CL: = 
/J! + Api, and C Ap: = 0; for the chemical potential 
b{lf = bilp + A[cl;lf, and relation between the mag- 
netic grand potential and the chemical potential is 
Fig. 3. The correlation between grand-efkctive ebemieal 
potential and molar free energy diagram: (a) miscibility 
gap; (b) two phase equilibria (c) pe equilibrium with ..a 
Fig. 4. The expression of grand potential in molar free 
energy diagram with magnetic transition. The shaded part . . . . . 
storctuometnc eompounas. corre8pollos to me magneuc transltloll. 
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given: 
AR’ = 2 A[p;]‘/n. (13) 
i=l 
Based on the above geometrical analysis, the 
grand potential-effective chemical potential diagram 
of a solution with magnetic transition can be 





Fig. 5. The correlations between the F,,, - xi and G,,, - pi 
diagrams for various phase equilibria. The shaded part 
corresponds to the magnetic transition. 
the ferromagnetic and the paramagnetic states of the 
same composition are shown in Fig. 5. It can be seem 
from Fig. 5(a) that the effective chemical potential of 
the ferromagnetic state is bigger than that of para- 
magnetic state for solution of the same composition 
due to the magnetic transition. The grand potential of 
the ferromagnetic state is lower than that of the 
paramagnetic state at same effective chemical poten- 
tial. Thus, there is a difference in the grand potential 
between the ferromagnetic and paramagnetic states 
for solutions of the same composition: the greater the 
magnetic free energy, the greater the difference. For 
example, when the composition of solution is point a 
in the G, - .x; curve, the paramagnetic and ferromag- 
netic states are points a and u’, respectively, in the 
0, - pi curve. Figure 5(b) expresses the case where 
the solution in the paramagnetic state is a single phase, 
and the miscibility gap is formed due to the magnetic 
transition. At this temperature, the equilibrium com- 
positions are points b’ and d. It can be seen from the 
R, - pi diagram that grand potential in paramagnetic 
state is the curve abed, and there is no cross point in 
this curve. The grand potential in the ferromagnetic 
state is the curve a’b’c’d’, and there is a cross point 
b’(d) which corresponds to the phase equilibrium. 
Figure .5(c) expresses the phase equilibrium between 
different structural phases: a phase is the solution with 
magnetic transition, and p is the nonmagnetic phase. 
In the R, - pi diagram, the points b and a’ correspond 
to the phase equilibrium between o and p phases in the 
paramagnetic state and ferromagnetic state, respec- 
tively. The grand potential of point a’ is lower than 
that of point b, which indicates that the phase equili- 
brium between o and p phases in the ferromagnetic 
state is stable. 
4. A CALCULATION PROCEDURE OF PHASE 
EQUILIBRIA WITH MAGNETIC TRANSITION 
Assuming that (Y phase is ferromagnetic and /3 
phase is nonmagnetic, the molar grand potential of 
o phase can be separated into paramagnetic and 
magnetic terms: 
Y$,, =u 0; + A”Rf. (14) 
The molar grand potential for LY phase in paramag- 
netic state is described by the CVM, and the magnetic 
grand potential of o phase is derived by a suitable free 
energy model of magnetic transition (the development 
of which was not discussed in this paper). For cy phase, 
the equilibrium composition cannot be directly 
obtained via eqn (14) by the NIM because the mag- 
netic grand potential is added, and the absolute con- 
vergence of the NIM cannot be assured. Therefore, a 
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calculation procedure of phase equilibrium between 
the solutions with magnetic transition by combining 
CVM with the above method is proposed in the present 
paper. The calculation procedure is introduced in detail 
below. 
First, any chemical potential is chosen as the effec- 
tive chemical potential of Q phase in the paramagnetic 
state “pt. The equilibrium composition xB and molar 
grand potential of the paramagnetic state “@, corre- 
sponding to the u& can be obtained by means of 
NIM. Second, the magnetic grand potential A%’ 
and magnetic effective chemical potential Aapf are. 
respectively. calculated by: 
and 
Thus, the grand potential and effective chemical 
potential in ferromagnetic state at the composition x2 
can be calculated by adding together the paramagnetic 
and ferromagnetic terms (because Arpi]’ can be 
obtained by magnetic transition model). Third, the 
grand potential is calculated for p phase correspond- 
ing to the effective chemical potential *pi rather than 
*& by NIM. A series of “& are changed and the 
above procedure is repeated. Thus, whole grand 
potentials curves for o and /3 phases can be obtained. 
The cross point between “f$,, and %l,,, is sought by the 
Dichotomous Method. The flow .chart of the above 
procedure is shown in Fig. 6. 
The Dichotomous Method applied in this paper, 
which is used to determine the cross point of grand 
potentials for solutions with magnetic transitions, is 
slightly different from the conventional method. A 
simple explanation is given by combining with Fig. 7 
as follows. First, two paramagnetic chemical poten- 
tials, ‘& and 2&, are given and the grand potentials 
for (Y and p phases. “#, %, and Y$, k2, corre- 
sponding to ferromagnetic effective chemical poten- 
tials, ‘& + A’&, and 2& + A’&,, are calculated by 
the above method, respectively. The differences, 
AR, =(I fl: -@ R,, AR2 =a 0: -P &, are obtained, 
if the sign of the AR, is different from that of the AR2, 
indicating that the cross point of grand potentials is 
between the ‘& + A’& and ‘& + A2&,. However, 
the input value of effective chemical potential at the 
latter iteration is the ‘&[= (*pi f2 &)/2] rather than* 
(‘& -k2 &)/2. Similarly, the “f$ and @R3 corre- 
sponding to the (‘~5 + A’&) are calculated. The 
difference AfIg =u f$ -O R3 is compared with the 
As21 and AD2 to determine the range of cross point, 
and then the above procedures are repeated to find the 
E5L Output equilibrium compositions of n and p phafes 
Fig. 6. The flow chart of the calculation procedure of phase 
equilibria in the present paper. Calculation in shaded part 
corresponds to composition xB. 
cross points. The grand potentials of (Y and /3 phases 
corresponding to cross point are calculated to deter- 
mine phase equilibrium compositions for (Y and /3 
phases. 
As an example, the a/-y phase equilibrium in the 
Fe-Mn binary system is calculated by the CV- 
pair approximation combining the above method. 
Effective chemical potendal _) 
Fig. 7. Schematic diagram of the method used in the present 
paper. 
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Mn At% 
Fig. 8. Calculated a/r phase equilibrium in the Fe-Mn 
binary system by the present method. 
The magnetic transition free energy is described by 
Nishizawa’s model [5]. The interaction energies 
between Fe and Mn for CY and /I phases are estimated 
from the interaction parameters of cr and p phases [6], 
[I%4,1P”” = -344.9 J/mol, I&II = -646.8 + 21.6 
(XM, - xFe) J/mol. Wij is defined as cii - 0.5(eii + Q), 
the phase transition free energies for pure Fe and Mn 
are taken from Refs [7] and [8], respectively. The 
calculated results are shown in Fig. 8, and a compar- 
ison is made with the experimental result [9]. It can be 
seen that the two results are in good agreement with 
each other, which indicates that the above calculation 
procedure is feasible for phase equilibria with mag- 
netic transition combining CVM. 
We can infer that this procedure is feasible for the 
calculation of phase equilibria with magnetic transi- 
tion despite the above examples inability to prove the 
applicability of the models used in the calculation of 
the first principles. The magnetic model used, after all, 
is only a empirical one. The development of a more 
reasonable magnetic transition model is not within the 
scope of this paper. Although the hybrid calculation 
procedure proposed in the present paper may not 
agree with the CVM principle, it is simple and useful 
to treat the phase equilibria with additional energy in 
many cases. This advantage is available for any other 
energy (besides magnetic transition) once the energy 
model is constructed. 
4. CONCLUSIONS 
(1) A method for obtaining a grand potential- 
effective chemical potential from the relevant molar 
free energy diagram was proposed based on the geo- 
metric analysis of grand potential. The important 
equation for grand potential, 52, = ~~~=, Cc::. was 
obtained, which is regarded as the approximation of 
Z potential. 
(2) The grand potential and effective chemical 
potential can be separated into paramagnetic and 
magnetic terms, respectively. 
(3) A calculation procedure of phase equilibria 
with magnetic transition based on CVM combined 
with geometric analysis was proposed, and it is shown 
that this method is feasible by calculating the a/r 
phase equilibrium in the Fe-Mn binary system. 
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